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Abstract
A k-container C(u, v) of G between u and v is a set of k internally disjoint paths between u and v. A k-container C(u, v) of G
is a k∗-container if it contains all vertices of G. A graph G is k∗-connected if there exists a k∗-container between any two distinct
vertices. The spanning connectivity of G, ∗(G), is deﬁned to be the largest integer k such that G isw∗-connected for all 1wk if
G is a 1∗-connected graph. In this paper, we prove that ∗(G)2(G)−n(G)+2 if (n(G)/2)+1(G)n(G)−2. Furthermore,
we prove that ∗(G − T )2(G) − n(G) + 2 − |T | if T is a vertex subset with |T |2(G) − n(G) − 1.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
For graph deﬁnitions and notation we follow [2]. G = (V ,E) is a graph if V is a ﬁnite set and E is a subset of
{{u, v} | u, v ∈ V }. We say that V is the vertex set and E is the edge set. We use n(G) to denote |V |. Two vertices u and
v are adjacent if {u, v} is an edge of G. The neighborhood of u, denoted by NG(u), is {v | {u, v} ∈ E}. The degree of a
vertex u of G, dG(u), is the number of edges incident with u. The minimum degree of G, (G), is min{dG(x) | x ∈ V }.
A path is a sequence of vertices represented by 〈v0, v1, . . . , vk〉 with no repeated vertex and {vi, vi+1} is an edge of G
for every 0 ik − 1. The length of a path P, l(P ), is the number of edges in P. We use d(u, v) to denote the distance
between u and v, i.e., the length of the shortest path joining u and v. A path is a hamiltonian path if it contains all
vertices of G. A graph G is hamiltonian connected if there exists a hamiltonian path joining any two distinct vertices
of G. A cycle is a path with at least three vertices such that the ﬁrst vertex is the same as the last vertex. A hamiltonian
cycle of G is a cycle that traverses every vertex of G. A graph is hamiltonian if it has a hamiltonian cycle. Let S be a
vertex subset of V. We use G− S to denote the subgraph of G induced by V − S. We use G∪H to denote the disjoint
union of the graph G and the graph H, and we use G ∨ H to denote the graph obtained from G ∪ H by joining all the
edges with one vertex in G and the other vertex in H. We use Gc to denote the complement of graph G. Moreover, we
use Gk to denote the graph from V (G) with edge set {{u, v} | dG(u, v)k}.
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A k-container of G between u and v, C(u, v), is a set of k internally disjoint paths between u and v. The concept of
container is proposed by Hsu [4] to evaluate the performance of communication of an interconnection networks. The
connectivity of G, (G), is the minimum number of vertices whose removal leaves the remaining graph disconnected
or trivial. It follows from Menger’s Theorem [6] that there is a k-container between any two distinct vertices of G if G
is k-connected.
In this paper, we are interested in speciﬁed of containers. A k-container C(u, v) of G is a k∗-container if it contains
all vertices of G. A graph G is k∗-connected if there exists a k∗-container between any two distinct vertices. A 1∗-
connected graph is actually a hamiltonian connected graph. Moreover, a 2∗-connected graph is hamiltonian graph.
Thus, the concept of k∗-connected graph is a hybrid concept of connectivity and hamiltonicity. The study of k∗-
connected graph is motivated by the globally 3∗-connected graphs proposed by Albert et al. [1]. A globally 3∗-
connected graph is a cubic graph that is w∗-connected for all 1w3. Recently, Lin et al. [5] proved that the
pancake graph Pn is w∗-connected for any w with 1wn − 1 if and only if n = 3. Thus, we deﬁned the spanning
connectivity of a graph G, ∗(G), to be the largest integer k such that G is w∗-connected for all 1wk if G is a
1∗-connected graph. A graph G is super spanning connected if ∗(G) = (G). Obviously, the complete graph Kn
is super spanning connected if n2. Moreover, the pancake graph Pn is super spanning connected if and only if
n = 3.
Dirac [3] proved that any graph G with at least three vertices and (G)n(G)/2 is 2∗-connected. Moreover, any
graph G with at least four vertices and (G)(n(G)/2) + 1 is 1∗-connected.
Let (G) = 2(G) − n(G) + 2. In this paper, we prove a ∗ analogue of Dirac Theorem.
Theorem 1. If G is a graph with (n(G)/2) + 1(G)n(G) − 2, then ∗(G)(G).
2. Proof of Theorem 1
Lemma 1. Let G be a graph with (G)(n(G)/2)+1. Then |NG(u)∩NG(v)|(G)−2 if (u, v) ∈ E(G), otherwise
|NG(u) ∩ NG(v)|(G).
Proof. Obviously, |NG(u)∩NG(v)| = |NG(u)| + |NG(v)| − |NG(u)∪NG(v)|2(G)− |NG(u)∪NG(v)|. Suppose
that (u, v) ∈ E(G).Apparently, |NG(u)∪NG(v)|n(G). Then |NG(u)∩NG(v)|2(G)−n(G)=(G)−2. Suppose
that (u, v) /∈E(G). Thus, |NG(u) ∪ NG(v)|n(G) − 2. Then |NG(u) ∩ NG(v)|2(G) − (n(G) − 2) = (G). 
Assume that G is a graph with (n(G)/2) + 1(G)n(G) − 2. It is easy to see that n(G)6 and (G)4.
Proof of Theorem 1. By Dirac Theorem, G is 1∗-connected and 2∗-connected. To prove ∗(G)(G), we need
to construct a k∗-container of G between any two distinct vertices u and v for any 3k(G). By Lemma 1,
|NG(u)∩NG(v)|(G)− 2. Let S = {z1, z2, . . . , zk−2} be a k − 2 vertex subset of NG(u)∩NG(v). Since (G)k,
(G)(k + n(G) − 2)/2. Thus, (G − S)(G) − |S|((n(G) + k − 2)/2) − (k − 2) = n(G − S)/2. By
Dirac Theorem, there exists a 2∗-container {R1, R2} of the graph G − S between u and v. We setPi = Ri for
1 i2 and Pi = 〈u, zi−2, v〉 for 3 ik. Then {P1, P2, . . . , Pk} forms a k∗-container of G between u
and v. 
3. Connectivity and spanning connectivity
With Theorem 1, we have the following corollary.
Corollary 1. (G)∗(G)(G)(G) if G is a graph with (n(G)/2)+1(G)n(G)−2.Moreover,G is super
spanning connected if (G) = (G). In particular, G is super spanning connected if (G) = n(G) − 2.
Among those graphs G with (G)(G)n(G) − 3, we give the following examples to illustrate the following
cases: (1) (G) = ∗(G) = (G), (2) (G) = ∗(G)< (G), (3) (G)< ∗(G) = (G), and (4) (G)< ∗(G)
< (G).
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Fig. 1. Illustration for K4 ∨ (K3 ∪ K3).
To verify the spanning connectivity of the following examples, we need the following proposition:
Proposition 1. Assume that G is a k∗-connected graph and S is a vertex subset of G. Then the graph G − S has at
most |S| − k + 2 components.
Example 1. (G)= ∗(G)= (G). Let G=Ka ∨ (Kb ∪Kb) with a4 and b2. Obviously, (G)= (G)= a. By
Corollary 1, (G) = ∗(G) = (G) = a.
Example 2. (G) = ∗(G)< (G). Let G = Kn,n,n be a complete 3 partite graph with vertex partite set V1, V2, and
V3 where |V1| = |V2| = |V3| = n3. Obviously, (G) = 2n and (G) = n + 2. Suppose that it is easy to verify that
it is impossible to ﬁnd a (n + 3)∗-container joining u to v if u and v are in the same partite set. This implies that
∗(G) = n + 2.
Example 3. (G)< ∗(G) = (G). Let Cn be a cycle of length n. It is easy to verify that ∗(Ckn) = (Ckn) = 2k if
2k(n/2) − 1 and n5. In particular, we choose that n = 4m and k = m + 1 then (Ckn) = 6.
Example 4. (G)< ∗(G)< (G). Let G = Ka ∨ (Kcb ∪ Kc) for ab + c, b2, and c2. Obviously, (G) = a
and (G) = a − b − c + 2. Since G − Ka = Kcb ∪ Kc, G − Ka has b + 1 components. By Proposition 1, G is not
w∗-connected for all w>a−b+1. Thus, (G)=a >a−b+1∗(G). It is easy to construct a w∗-container joining
any two vertices u, v in G. Hence, ∗(G) = a − b + 1 (Fig. 1).
4. Fault tolerant k∗-connectivity
Lemma 2. Assume that G is a graph with at least four vertices and (G)(n(G)/2) + 1. If T is a vertex subset of G
with |T |(G) − 3 then the induced subgraph G − T is 1∗-connected.
Proof. Suppose G is a complete graph. Obviously, the induced subgraph G − T is a complete graph and is 1∗-
connected. Thus, we assume that (G)n(G)− 2. By Dirac Theorem, G is 1∗-connected if |T | = 0. Thus, we assume
that 1 t = |T |(G) − 3.
Case 1: n(G) = 2s and (G) = s + r for some 1rs − 2. Since t(G) − 3 = (2r + 2) − 3, r(t + 1)/2.
Case 1.1: t = 2a for some a1. Obviously, (G− T )(G)− |T | = s + r − ts + ((t + 1)/2)− t = s − a + 12 .
Since (G−T ) is an integer, (G−T )s − a + 1= ((n(G−T ))/2)+ 1. By Dirac Theorem, G−T is 1∗ connected.
Case 1.2: t = 2a + 1 for some a0. Choose an element z in T, and set T ′ = T − {z}. We claim that G − T ′ is
1∗-connected. Suppose that T ′ = ∅. Obviously, G − T ′ is 1∗-connected. Suppose T ′ = ∅. Since |T ′| = 2a, by Case
1.1, G− T ′ is 1∗-connected. Let P = 〈x1, . . . , xi, . . . , x2s−2a〉 where x1 = u, x2s−2a = v, and xi = z, be a hamiltonian
path of G − T ′ joining u to v. Suppose that {xi−1, xi+1} ∈ E(G). Then 〈x1, . . . , xi−1, xi+1, . . . , x2s−2a〉 forms a
hamiltonian path of G− T joining u to v. Thus, we assume that {xi−1, xi+1} /∈E(G). Since r(t + 1)/2 = a + 1 and
n(G−T )=2s −2a−1, dG−T (xi−1)+dG−T (xi+1)2(G−T )2(G)−2|T |=2s +2r −4a−2n(G−T )+1.
There exists an index j in{1, . . . , i − 2} ∪ {i + 2, . . . , 2s − 2a} such that {xj , xi−1} ∈ E(G) and {xj+1, xi+1} ∈ E(G).
If j ∈ {1, . . . , i − 2}, then 〈x1, . . . , xj , xi−1, xi−2, . . . , xj+1, xi+1, xi+2, . . . , x2s−2a〉 forms a hamiltonian path of
288 C.-K. Lin et al. / Discrete Mathematics 307 (2007) 285–289
G − T joining u to v. On the other hand, 〈x1, . . . , xi−1, xj , xj−1, xj−2, . . . , xi+1, xj+1, xj+2, . . . , x2s−2a〉 forms a
hamiltonian path of G − T joining u to v if j ∈ {j + 2, . . . , 2s − 2a}.
Case 2: n(G)=2s+1 and (G)=s+r+1 for some 1rs−2. Since t(G)−3=2r . Thus (G)s+(t/2)+1.
Case 2.1: t = 2a + 1 for some a0. Since (G − T ) is a positive integer and (G − T )(G) − ts + (t/2) +
1 − t = s − ((2a + 1)/2) + 1, (G − T )((2s + 1 − (2a + 1))/2) + 1 = ((n(G − T ))/2) + 1. By Dirac Theorem,
G − T is 1∗-connected.
Case 2.2: t=2a for some a1. Choose an element z in T, and set T ′=T −{z}. Obviously, |T ′|=2a−1. By Case 2.1,
G−T ′ is 1∗-connected. LetP=〈x1, x2, . . . , xi, . . . , x2s−2a+2〉 be a hamiltonian path ofG−T ′ joiningu to vwithwhere
x1 =u, x2s−2a+2 =v, and xi =z. If {xi−1, xi+1} ∈ E(G), then 〈x1, . . . , xi−1, xi+1, . . . , x2s−2a+2〉 forms a hamiltonian
path of G− T joining u to v. Thus, suppose that {xi−1, xi+1} /∈E(G). Since r t/2= a and n(G− T )= 2s − 2a + 1,
dG−T (xi−1) + dG−T (xi+1)2(G − T )2(G) − 2|T | = 2s + 2r + 2 − 4an(G − T ) + 1. There exists an index
j ∈ {1, . . . , i − 2} ∪ {i + 2, . . . , 2s − 2a + 2} such that {xj , xi−1} ∈ E(G) and {xj+1, xi+1} ∈ E(G). We use the same
reasoning as in Case 1.2 to ﬁnd a hamiltonian path of G − T joining u to v. 
Assume that G is a graph with at least four vertices such that (G)(n(G)/2)+ 1, and T is a vertex subset of V (G).
Suppose G is a complete graph. Obviously, G − T is a complete graph and is super spanning connected. Thus, we
assume that G is not a complete graph.
Theorem 2. Assume that G is a graph with at least six vertices and (n(G)/2) + 1(G)n(G) − 2. If T is a vertex
subset of G with |T |(G) − 3, then ∗(G − T )(G) − |T |.
Proof. Assume that |T | = t . By Theorem 1, this statement holds on t = 0. Thus, we suppose that t1. By Lemma 2,
G−T is 1∗-connected. Since every 1∗-connected graph exceptK1 andK2 is also 2∗-connected,G−T is 2∗-connected.
To prove our theorem,we still need to construct a k∗-container ofG−T between any two distinct vertices u and v for any
3k(G)−t . ByLemma1, |NG(u)∩NG(v)|(G)−2.Thus,|NG−T (u)∩NG−T (v)|k−2. LetS={z1, . . . , zk−2}
be a (k − 2) vertex subset of NG−T (u)∩NG−T (v). Since k(G)− t , this implies that (G)(n(G)+ k + t − 2)/2
and (G−(S∪T ))(G)−|S∪T |((n(G)+k+ t−2)/2)−(k−2+ t)=(n(G)−k+ t+2)/2=(n(G−(S∪T )))/2.
By Dirac Theorem, there is a 2∗-container {R1, R2} of G− (S ∪ T ) between u and v. We set that Pi =Ri for 1 i2,
and Pi = 〈u, zi−2, v〉 for 3 ik. Then {P1, P2, . . . , Pk} forms a k∗-container of G − T between u and v. 
The following example shows that the inequality in Theorem 2 is sharp.
Example 5. LetG=Kn,n,n be a complete three partite graph with vertex partite set V1, V2, and V3 where |V1|=|V2|=
|V3|=n3. Let T be a vertex subset of V1 with |T |= tn−1. It is easy to verify that ∗(G−T )=n− t+2=(G)− t .
Appendix
Lemma 3. Let n3. Let T ⊂ V (Kn,n,n) with |T | = t and tn − 1. Then Kn,n,n − T is not (n − t + 3)∗-connected.
Proof. LetG=Kn,n,n with the vertex partite sets V1, V2, and V3 where |V1|=|V2|=|V3|=n3. Let T ⊂ V2∪V3. Let
u and v be any two distinct vertices in V1. Suppose that C(u, v)={P1, P2, . . . , Pn−t+3} is an (n− t + 3)∗-container of
G−T between u and v. LetA={i | l(Pi)=2 for 1 in−t+3} andB={1, 2, . . . , n−t+3}−A. LetP be any path of
G−T joining u to v. Obviously, |V (P )∩(V1−{u, v})| |V (P )∩((V2∪V3)−T )|−1. SinceC(u, v) is an (n− t+3)∗-
container of G between u and v,
∑n−t+3
i=1 |V (Pi) ∩ (V1 − {u, v})| = n − 2. Since |V (Pi) ∩ ((V2 ∪ V3) − T )|1 and
|V (Pi)∩(V1−{u, v})| |V (P )∩((V2∪V3)−T )|−1 for every i ∈ B,∑n−t+3i=1 |V (Pi)∩((V2∪V3)−T )|=
∑
i∈B |V (Pi)∩
(V2 ∪V3)|+ |A|=∑i∈B(|V (Pi)∩ (V2 ∪V3)|−1)+|B|+ |A|
∑
i∈B |V (Pi)∩ (V1 −{u, v})|+n− t +3=2n− t +1.
We obtained a contradiction since
∑n+3
i=1 |V (Pi) ∩ ((V2 ∪ V3) − T )| = 2n − t . 
Let n be any positive integer with n4 and k be any integer with 2kn/2. Let V (Ckn) = {0, 1, . . . , n − 1} and
E(Ckn) = {{i, j} | |i − j | ∈ {1, 2, . . . , k} mod n}.
Lemma 4. C2n is 1∗-connected if n4.
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Proof. Let u and v be any two distinct vertices ofC2n .Without loss of generality, we assume that u=0 and 1vn/2.
Let t be any integer with 1 tn/4. We set P as
P = 〈0, n − 1, n − 2, . . . , 1〉 if v = 1,
P = 〈0, n − 1, n − 2, . . . , 2t + 1, 2t − 1, 2t − 3, . . . , 1, 2, 4, . . . , 2t〉 if v = 2t, and
P = 〈0, n − 1, n − 2, . . . , 2t + 2, 2t, 2t − 2, . . . , 2, 1, 3, . . . , 2t + 1〉 if v = 2t + 1.
Thus, P forms a hamiltonian path of C2n between u and v. 
Lemma 5. Let v and k be any two distinct positive integers with v > k. Let G be a graph with V (G) = {0, 1, . . . , v}
and E(G) = {{i, j} | 1 |i − j |k}. Then there is a k∗-container of G between u = 0 and v.
Proof. Let v − 1 = qk + r for some two integers q and r with 0rk − 1. Since v > k, p1.
Case 1: r=0.We setPi =〈0, i, i+k, . . . , i+(q−1)k, v〉 for every ik. Then {P1, P2, . . . , Pk} forms a k∗-container
of G between u and v.
Case 2: q1.We set Pi = 〈0, i, i + k, . . . , i + qk, v〉 for every 1 ir and Pj = 〈0, j, j + k, . . . , j + (q − 1)k, v〉
for every r + 1jk. Then {P1, P2, . . . , Pk} forms a k∗-container of G between u and v. 
Lemma 6. Let n4 and 2kn/2. Ckn is w∗-connected for every 2k − 1w2k.
Proof. Let u and v be any two distinct vertices ofCkn .Without loss of generality, we assume that u=0 and 1vn/2.
We have the following cases:
Case 1: v = 1. We set Pi = 〈0, i + 1, v〉 for every 1 ik − 1, Pj = 〈0, n− 1 + k − j, v〉 for every kj2k − 2,
P2k−1 = 〈0, n − k, n − k − 1, . . . , k + 1, v〉, and P2k = 〈0, v〉. Then {P1, P2, . . . , P2k−1} forms a (2k − 1)∗-container
of Ckn between u and v and {P1, P2, . . . , P2k} forms a 2k∗-container of Ckn between u and v.
Case 2: 1<v<k. We set Pi = 〈0, i, v〉 for every 1 iv − 1, Pj = 〈0, j + 1, v〉 for every vjk − 1, and
Pr = 〈0, n − 1 + k − r, v〉 for every kr2k − v − 1. Let H be a subgraph of Ckn induced by {0, n − k + v − 1,
n− k+ v−2, . . . , k+1, v}. By Lemma 5, there is a v∗-container {P2k−v, P2k−v+1, . . . , P2k−1} of H between u and v.
We setP2k=〈0, v〉. Then {P1, P2, . . . , P2k−1} forms a (2k−1)∗-container ofCkn between u and v and {P1, P2, . . . , P2k}
forms a 2k∗-container of Ckn between u and v.
Case 3: v = k. Let H be a subgraph of G induced by {0, n − 1, n − 2, . . . , v}. By Lemma 5, there is a k∗-container
{P1, P2, . . . , Pk} of H between u and v. We set Pi = 〈0, i − k, v〉 for every k + 1 i2k − 1 and P2k = 〈0, v〉. Then
{P1, P2, . . . , P2k−1} forms a (2k − 1)∗-container of G between 0 and v and {P1, P2, . . . , P2k} forms a 2k∗-container
of Ckn between u and v.
Case 4: v > k. Let H1 be a subgraph of G induced by {0, 1, 2, . . . , v} and H2 be a subgraph of G induced by
{0, n − 1, n − 2, . . . , v}. By Lemma 5, there is a k∗-container {P1, P2, . . . , Pk} of H1 between u and v.
Case 4.1: By Lemma 5, there is a (k − 1)∗-container {Pk+1, Pk+2, . . . , P2k−1} of H2 between u and v. Then
{P1, P2, . . . , P2k−1} forms a (2k − 1)∗-container of Ckn between u and v.
Case 4.2: By Lemma 5, there is a k∗-container {Pk+1, Pk+2, . . . , P2k} ofH2 between u and v. Then {P1, P2, . . . , P2k}
forms a 2k∗-container of Ckn between u and v. 
Lemma 7. Ckn is super spanning connected if n4 and 2kn/2.
Proof. Let t = n/2. Since Ctn = Kn, Ctn is super spanning connected. By Lemmas 4 and 6, C2n is super spanning
connected. Thus, we assume that 3k(n/2) − 1. Since 3(n/2) − 1, n8. By Lemma 6, Ckn is w∗-connected for
every 3w2k. Hence, Ckn is super spanning connected if n4 and 2kn/2. 
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